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The Hamiltonian for dynamic geometry generates the evolution of a spatial region along
a vector field. It includes a boundary term which determines both the value of the
Hamiltonian and the boundary conditions. The value gives the quasi-local quantities:
energy-momentum, angular-momentum and center-of-mass. The boundary term de-
pends not only on the dynamical variables but also on their reference values; the latter
determine the ground state (having vanishing quasi-local quantities). For our preferred
boundary term for Einstein’s GR we propose 4D isometric matching and extremizing
the energy to determine the reference metric and connection values.
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1. Introduction
Although the global total energy-momentum is well defined (for spaces with suitable
asymptotic regions), for any gravitating system — and hence for all real physical
systems — the localization of energy-momentum is still an outstanding fundamen-
tal problem.1,2 Unlike all matter and other interaction fields, the gravitational field
itself has no proper energy-momentum density. In view of the fact that energy-
momentum is conserved, and that sources exchange energy-momentum locally with
the gravitational field, one expects some kind of “local description” of the energy-
momentum density of gravity itself. But all attempts at constructing such an ex-
pression led only to reference frame dependent quantities, generally referred to as
pseudotensors.3 Physically this can be understood as a consequence of Einstein’s
equivalence principle: gravity cannot be detected at a point. The energy-momentum
of gravity — and thus for all physical systems is inherently non-local. The modern
idea is quasi-local : energy-momentum is associated with a closed surface bounding
a region.4
2. Covariant Hamiltonian Formalism
The first order Lagrangian5 for an f -form field ϕ and its conjugate momentum p is
given by
L = L(dϕ;ϕ, p) = dϕ ∧ p− Λ(ϕ, p). (1)
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The variation (with respect to ϕ and p independently)
δL = d(δϕ ∧ p) + δϕ ∧
δL
δϕ
+
δL
δp
∧ δp (2)
gives the equations of motion, with ς := (−1)f ,
δL
δp
:= dϕ− ∂pΛ = 0,
δL
δϕ
:= −ςdp− ∂ϕΛ = 0. (3)
Diffeomorphism invariance (in terms of the Lie derivative £N = diN + iNd)
leads an identity for any vector N
diNL ≡ £NL ≡ d(£Nϕ ∧ p) +£Nϕ ∧
δL
δϕ
+
δL
δp
∧£Np. (4)
From this one gets a conserved “translational current” 3-form:
H(N) := £Nϕ ∧ p− iNL, −dH(N) ≡ £Nϕ ∧
δL
δϕ
+
δL
δp
∧£Np. (5)
Note that H(N) is not unique:
H′ = H+ dB′ ⇒ dH = dH′. (6)
Furthermore it can be written in the form, H(N) = NµHµ + dB(N) then
dH(N) = d[NµHµ + dB(N)] ≡ dN
µ ∧Hµ +N
µdHµ (7)
⇒ Hµ vanishes “on shell”.
Hence for gravitating systems the Noether translational “charge” — energy-
momentum — is quasi-local, it is given by the integral of the boundary term, B(N).
But this boundary term can be completely modified to any value. However, the
Hamiltonian approach tames the ambiguity. Quasi-local quantities are determined
only by the surface integral
E(N) =
∫
Σ
H(N) =
∫
Σ
[NµHµ + dB(N)] =
∮
∂Σ
B(N). (8)
The two parts of the Hamiltonian have distinct roles: The 3-form part NµHµ gen-
erates the equations of motion. As mentioned, for diffeomorphic invariant theories
it has vanishing value. The Hamiltonian generally also includes a boundary term
B(N): (i) it determines the values of the quasi-local quantities, and (ii) it determines
the boundary conditions.6,7
2.1. Quasi-local Quantities
The Hamiltonian boundary terms determines the values of the quasi-local quantities:
• Energy is given by a suitable timelike displacement;
• Linear momentum is obtained from a spatial translation;
• Angular momentum from a suitable rotational displacement;
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• A spacetime displacement which is asymptotically a boost will give the
center-of-mass moment.
Our Noether analysis has revealed that B(N) can be adjusted, changing the con-
served value to a new value. However the variational principle contains an additional
(largely overlooked) feature which distinguishes all of these choices. The boundary
variation principle, i.e. the boundary term in the variation, tells us what to hold
fixed on the boundary — it determines the boundary conditions.3
The different Hamiltonian boundary terms are each associated with distinct
boundary conditions. As in thermodynamics or electrostatics there are various
“energies” which correspond to how the system interacts with the outside through
its boundary. In general (in particular for gravity) it is necessary (in order to
guarantee functional differentiability of the Hamiltonian on the phase space with
the desired boundary conditions) to adjust the boundary term B(N) = iNϕ∧p which
is naturally inherited from the Lagrangian (1). The variation of the Hamiltonian
implies
δH(N) ≡ −δϕ ∧£Np+£Nϕ ∧ δp+ diN (δϕ ∧ p)− iN
(
δϕ ∧
δL
δϕ
+
δL
δp
∧ δp
)
. (9)
There is a freedom for modifying the boundary term B(N)→ B′(N). Moreover, a
reference configuration, ϕ¯ and p¯, (which determines the ground state) is essential
especially for gravity, in particular to allow the desired phase space asymptotics.
With ∆ϕ := ϕ − ϕ¯, ∆p := p − p¯, we found two boundary choices (essentially
Dirichlet and Neumann) which have the indicated covariant boundary terms in δH:
Bϕ = iNϕ ∧∆p− ς∆ϕ ∧ iN p¯ =⇒ iN(δϕ ∧∆p), (10)
Bp = iN ϕ¯ ∧∆p− ς∆ϕ ∧ iNp =⇒ −iN(∆ϕ ∧ δp). (11)
We also found two other physical interesting choices:
Bdynamics = iN ϕ¯ ∧∆p− ς∆ϕ ∧ iN p¯ =⇒ ςδϕ ∧ iN∆p− iN∆ϕ ∧ δp, (12)
Bconstraint = iNϕ ∧∆p− ς∆ϕ ∧ iNp =⇒ iNδϕ ∧∆p− ς∆ϕ ∧ iNδp. (13)
Let us look at the following two applications.
2.2. Applications: Electromagnetism and General Relativity
The first order Lagrangian 4-form for the source free U(1) gauge field one-form A
and its conjugate momentum H is
LEM = dA ∧H −
1
2
⋆H ∧H. (14)
The pair of first order equations are
dH = 0, dA− ⋆H = 0. (15)
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These are just the vacuum Maxwell equations with ⋆H = F := dA; hence H = −⋆F
and d⋆F = 0. The natural reference in electromagnetism is A¯ = 0, H¯ = 0. The
best boundary choice is Bdynamics, which vanishes for this reference choice.
The first order Lagrangian for Einstein’s (vacuum) gravity theory is
LGR = R
α
β ∧ ηα
β, (16)
where the curvature 2-form is Rαβ := dΓ
α
β +Γ
α
γ ∧Γ
γ
β , and the dual basis 2-form
is ηαβ := ∗(ϑα ∧ ϑβ). For gravity itself, two different choices of boundary condition
correspond to the quasi-local expressions which asymptotically give (a) the ADM
energy, (b) the Bondi energy and, moreover, (c) the Bondi flux: the celebrated
outgoing flux plus an incoming flux.8 Our general formalism with ϕ → Γαβ and
p→ ηα
β gives 4 quasi-local expressions. There is a distinguished energy expression
with a very desirable property: it corresponds to imposing boundary conditions on
a manifestly covariant object :
Bϑ(N) :=
1
16pi
(
∆Γαβ ∧ iNηα
β + D¯αNβ∆ηαβ
)
. (17)
The associated energy flux expression is
£NHϑ ≃ diN
(
∆Γαβ ∧£Nηαβ
)
, (18)
and the natural reference in gravity for the asymptotic flat spacetime is the
Minkowski spacetime:
g¯µν = diag(−1,+1,+1,+1). (19)
3. Reference Choice
Now let us turn to how to select the reference; effectively one should embed the
2-boundary into Minkowski space.9,10 In a neighborhood of the desired spacelike
boundary 2-surface S, 4 smooth functions yi = yi(xµ), i = 0, 1, 2, 3 with dy0∧dy1∧
dy2 ∧ dy3 6= 0 define a Minkowski reference:
g¯ = −(dy0)2 + (dy1)2 + (dy2)2 + (dy3)2. (20)
The reference connection is
Γ¯αβ = x
α
i(Γ¯
i
jy
j
β + dy
i
β) = x
α
idy
i
β , (21)
where dyi = yiαdx
α and dxα = xαjdy
j with vanishing Minkowski reference con-
nection coefficients. Nµ is a translational Killing field of the Minkowski reference,
then the second quasi-local term vanishes. Our quasi-local expression then takes
the form
B(N) = Nkxµk(Γ
α
β − x
α
j dy
j
β) ∧ ηµα
β . (22)
To determine the reference choice yiµ in terms of quasi-spherical foliation adapted
coordinates t, r, θ, φ, the isometric matching on the 2-surface implies
gAB = g¯AB = g¯ijy
i
Ay
j
B = −y
0
Ay
0
B + δaby
a
Ay
b
B, a, b = 1, 2, 3; A,B = 2, 3 = θ, φ,
(23)
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where the reference metric on the dynamical space has the components g¯µν =
g¯ijy
i
µy
j
ν . From a classic closed 2-surface into R
3 embedding theorem, we expect
that—as long as one restricts S and y0(xA) such that on S
g′AB := gAB + y
0
Ay
0
B (24)
is convex—one can prove that there is a unique isometric embedding. (But, unfor-
tunately, there is no explicit formula.)
3.1. 4D Isometric Matching
Complete 4D isometric matching on S has 10 constraints:9
gµν |S = g¯µν |S = g¯ijy
i
µy
j
ν |S . (25)
There are 12 embedding functions on the constant t, r 2-surface:
yi(⇒ yiθ, y
i
φ), y
i
t, y
i
r. (26)
The 10 constraints split into 3 for the already discussed 2D isometric matching:
gθθ, gθϕ, gϕϕ which constrain the 4 y
i; 3 normal bundle algebraic quadratic expres-
sions: gtt, gtr, grr; and 4 mixed linear algebraic expressions: gtθ, gtϕ, grθ, grϕ. The
2D isometric matching can be regarded as a given y0 uniquely determining y1, y2, y3
on S. The remaining 7 algebraic equations can be regarded as finding all the other
embedding variables in terms of yi and y0r on S. Thus one can take y
0, y0r as
the embedding control variables. Geometrically y0r controls a boost in the plane
normal to S.
3.2. An Optimal Choice
One can regard the value of the boundary term as a measure of the difference
between the dynamical boundary values and the reference boundary values. How-
ever, how to find the “best matched” reference geometry? Because 12 embedding
variables are subject to 10 isometric conditions, one will obtain the best matched
reference geometry as long as one can obtain the two unknown variables.11–13
For a given S there are 2 different quantities which can be considered: m2 =
−g¯ijpipj and E(N,S). For the latter there are 2 different ways to fix N . The
critical points are distinguished: (1) The critical points of m2. This determines the
reference up to Poincare´ transformations. (2) The critical points of E(∂T , S). (If
m2 > 0, this may equivalent to (1).) (3) The critical points of E(N,S) for a given
dynamical vector field N . (Afterward one could find the extreme choice of N .)
The first two approaches lead to quasi-local quantities associated with S, the
third alternative gives a quasi-local energy associated with an observer.14,15 Based
on some physical and practical computational arguments, it is reasonable to expect
a unique solution. For our quasi-local values for axisymmetric solutions including
Kerr see Ref. 13.
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4. Summary
For any gravitating system — and hence for all physical systems — the localiza-
tion of energy-momentum is an outstanding problem. We’ve displayed the rela-
tion between covariant Hamiltonian boundary term and the quasi-local quantities.
For gravitating systems, we have obtained four quasi-local energy-momentum ex-
pressions; each is associated with a physically distinct, and geometrically clear,
boundary condition. With the “best matched” reference, we have a satisfactory way
of fixing the Hamiltonian boundary term quasi-locally for locally Poincare´ gauge
invariant gravity including GR. This in particular gives a way of resolving the
ambiguities in determining the quasi-local energy-momentum of classical physical
systems.
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